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In several situations, most notably when describing metastable states, a system can evolve accord- 
ing to an effective non hermitian Hamiltonian. To each eigenvalue of a non hermitian Hamiltonian 
is associated an eigenstate \(j>} which evolves forward in time and an eigenstate ("i/)! which evolves 
backward in time. Quantum measurements on such systems are analyzed in detail with particular 
emphasis on adiabatic measurements in which the measuring device is coupled weakly to the system. 
It is shown that in this case the outcome of the measurement of an observable A is the weak value 
{^p\A\(f>} / {'il:\(j>) associated to the two-state vector {t/j\ corresponding to one of the eigenvalues of 
the non hermitian Hamiltonian. The possibility of performing such measurements in a laboratory 
is discussed. 



Any interaction between two systems can be regarded, 
in a very wide sense, as a "measurement" since the state 
of one of the systems, the measuring device, is affected by 
the state of the other one, the measured system. In gen- 
eral, however, this interaction is not very "clean" , that 
is, the information about the properties of the measured 
system cannot be read easily from the final state of the 
measuring device. Only some very particular classes of 
interactions are clean enough and are called "measure- 
ments" in the usual, more restricted, sense. 

The best known type of quantum measurement is the 
von Neumann ideal measurement wherein the system is 
coupled impulsively to the measuring device. The Hamil- 
tonian describing such a measurement is 

H = Ho+g{t)PA + HMD. (1) 

where Hq is the free Hamiltonian of the system, Hmd is 
the free Hamiltonian of the measuring device, P is the 
momentum conjugate to the position variable Q of the 
pointer of the measuring device, A is the observable to 
be measured. The coupling parameter git) is normalized 
to J g{t)dt = 1 and is taken to be non vanishing during a 
very small interval At. Thus, the interaction term domi- 
nates the rest of the Hamiltonian during Ai, and the time 
evolution e~^^^ leads to a correlated state: eigenstates 
of A with eigenvalues a„ are correlated to measuring de- 
vice states in which the pointer is shifted by these values 
a„ (here and below we use units such that h = \). Thus 
in an ideal measurements the final state of the measuring 
device is very simple related to the state of the measured 
system. The properties of ideal measurements are: 

a) The outcome of the measurement can only be one 
of the eigenvalues . 

b) A particular outcome a, appears at random, with 
probability depending only on the initial state of the mea- 
sured system and is independent of the details of the 
measurement. 

c) The measurement leads to the (true or effective, de- 



pending on one's preferred interpretation) collapse of the 
wave-function of the measured system on the eigenstate 
\ai). Subsequent ideal measurements of the same observ- 
able A invariably yield the same eigenvalue Oj. 

The opposite limit of extremely weak and long inter- 
action is also clean enough to be called a measurement 
In such an adiabatic (or protective) measurement, 
the coupling is very small: g{t) = 1/T for most of the 
interaction time T and g{t) goes to zero gradually before 
and after the period T . In order that the measurement 
be as clean as possible, we also impose that: the initial 
state of the measuring device is such that the momentum 
P is bounded; that the momentum P is a constant of mo- 
tion of the whole Hamiltonian eq. (^ (but we shall only 
consider the simpler case where Hmd vanishes); and that 
the free Hamiltonian Hq has non-degenerate eigenvalues 
Ei. For g{t) smooth enough wc then obtain an adiabatic 
process in which the system cannot make a transition 
from one energy eigenstate to another, and, in the limit 
T oo, the interaction Hamiltonian changes the energy 
eigenstate by an infinitesimal amount. If the initial state 
of the system is an eigenstate \Ei) of Hq then for any 
given value of P, the energy of the eigenstate shifts by an 
infinitesimal amount given by the first order perturbation 
theory: SE ^ (E,\H,nt\E^) = {E,\A\E,)P/T. The corre- 
sponding time evolution e-^^PiEi\A\Ei) gj^jf^g ^]-^g pointer 
by the expectation value of A in the state \Ei). The main 
properties of adiabatic measurements are: 

a) The outcome of the measurement can only be the 
expectation value {A)i = {Ei\A\Ei). 

b) A particular outcome {A)i appears at random, with 
a probability which depends only on the initial state of 
the measured system and is independent of the details of 
the measurement. 

c) The measurement leads to the collapse of the wave- 
function of the measured system on the energy eigenstate 
\Ei) corresponding to the observed expectation value 
(A) i PI . Subsequent adiabatic measurements of the same 
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observable A invariably yield the expectation value in the 
same eigenstate \Ei). 

d) Simultaneous measurements of different observables 
yield the expectation value in the same energy eigenstate 

The aim of the present letter is to consider measure- 
ments on systems which evolve according to an effec- 
tive non hermitian Hamiltonian. While ideal (impulsive) 
measurements on such systems lead to no surprise (since 
in an impulsive measurement the unperturbed Hamilto- 
nian of the measured system plays no role), adiabatic 
measurements yield as outcomes some new type of val- 
ues associated with the measured observable, namely 
the "weak values" [Q. Weak values where originally 
introduced in the context of the two state formalism 
ll|;iljlJ3l wherein a system is described by two states, the 
usual one {"^i) evolving towards the future from the ini- 
tial time ti, and a second state (^2! evolving towards 
the past from the final time t2- If at an intermediate 
time a sufficiently weak measurement is carried out on 
such a pre- and post-selected system, the state of the 
measuring device after the post-selection is shifted to 
"^MoiQ) '^MoiQ — ^«)), where is the weak value 
of the observable A 
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Note that weak values can take values which lie outside 
the range of eigenvalues of A and are in general com- 
plex. Their real and imaginary part affect the position 
and momentum of the pointer respectively. Weak val- 
ues are associated with two states which in the present 
context are the left and right eigenstates of the effective 
Hamiltonian (see below) ^ . The main properties of adi- 
abatic measurements carried out on a system evolving 
according to an effective non hermitian Hamiltonian are: 

a) The only possible outcomes of the measurement are 
the weak values A\^ corresponding to one of the pairs of 
states {tpi\\(l)i) associated with the non hermitian Hamil- 
tonian. 

b) A particular outcome A\jj appears at random, with 
a probability which depends only on the initial state of 
the measured system and is independent of the details of 
the measurement. 

c) The measurement leads to an effective collapse to 
the two-state vector {'il}i\\(t>i) corresponding to the ob- 
served weak value A\^. Subsequent adiabatic measure- 
ments of the same observable A invariably yield the same 
weak value. 

d) Simultaneous measurements of different observables 
yield the weak values corresponding to the same two- 
state vector {ipi\\(t)i). 

Although the Hamiltonian of a quantum system is al- 
ways a hermitian operator, under suitable conditions a 
subsystem may evolve according to an effective non her- 
mitian Hamiltonian. A well known case is the description 



of metastable states If the system is initially in the 
metastable state V'(0)i after a time t it will be in the state 
-0(t) — e^'^^'ff^ip{0) + decay products where i?e// is the 
effective non hermitian Hamiltonian. A celebrated exam- 
ple where this description has proved extremely useful is 
the Kaon system. Another case in which a system evolves 
according to an effective non hermitian Hamiltonian is 
when it is coupled to a suitably pre- and post-selected 
system 1^. As an example, consider a spin 1/2 particle 
coupled to a pre- and post-selected system S of large spin 
N through the Hamiltonian 



Hn = XS- a. 



(3) 



The large spin is pre-selected at ti to be in the state 
\Sx=N) and post-selected to be at t2 in the state {Sy=N\. 
The coupling constant A is chosen in such a way that 
the interaction with our spin-1/2 particle cannot change 
significantly the two-state vector of the system S. In- 
deed, the system with the spin S can be considered as 
N spin 1/2 particles all pre-selected in state and 
post-selected in \1y) state. Since the strength of the cou- 
pling to each spin 1/2 particle is A ^ 1, during the time 
of the measurement their states cannot change signifi- 
cantly. (However AA^ must be large so that the effective 
Hamiltonian is significant.) Thus, the forward evolving 
state \Sx=N) and the backward evolving state {Sy=N\ 
do not change significantly during the measuring process. 
Hence, effectively, the spin-1/2 particle is coupled to the 
weak value of S 

and the effective non hermitian Hamiltonian is given by 
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The non hermiticity of Hf.f / is due to the complexity of 
Stu. A detailed discussion of this example is given below. 

Note that the effective non hermitian Hamiltonians 
only arise due to a partial post-selection. In the spin 
example it only applies if the large spin is found in the 
state {Sy = iV|. In the case of metastable states it only 
applies to the metastable states so long as they have not 
decayed. 

We now analyze the general properties of a non hermi- 
tian Hamiltonian i?e// which has non degenerate eigen- 
values w^. In general the eigenvalues are complex. Denote 
the eigenkets and the eigenbras of i?e// by \(f)i) and (■0^1: 

Hefs\(l>i) ^ i^Mi), {ll:i\Heff^UJi{lpi\. (6) 

Contrary to the case where -ffe// is hermitian, the 
are not orthogonal to each other, nor are the and 
furthermore ji/^i) 7^ \4>i)- However the and {ipi\ each 
form a complete set, and they obey the mutual orthogo- 
nality condition 
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which follows from subtracting the two identities 

{'il),\Heff\(t)j)= (V'i|-f^e//|0j) = for 



(8) 



j- Eq. ([7|) enables us to rewrite i?e// as 



H, 



(■02 I (/-J 



which generalizes the diagonalization of hermitian opera- 
tors. The eigenkets of Hef / are the natural basis in which 
to decompose a forward evolving state |$). Indeed, using 
the decomposition of unity / = ^{ii^lt') obtains 



1$) 
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(On the other hand a backward evolving state should 
be decomposed into the eigenbras of H^ff as (^'| = 
J^iPiii'il)- The formal solution of the Schrodinger's 
equation with the effective Hamiltonian i?e// is: 
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Note that the norm M of |<&(t)) is not equal to 1 but 
is time dependent. Formally, there are two causes for 
not conserving the norm in time evolution due to the 
effective Hamiltonian. The first is that the eigenvalues 
LOi may be complex. The second is that the eigenkets 
are not necessarily orthogonal. This non conservation of 
probability by non hermitian Hamiltonians has a natu- 
ral interpretation when one recalls that we are describing 
partially post-selected systems. In the case of metastable 
states M{t) is the probability for the states not to have 
decayed. In the spin example M{t) describes corrections 
to the probability of finding the state {Sy = N\. 

Let us illustrate this general formalism by consider- 
ing the Kaon system. The two eigenkets of the effective 
Hamiltonian are traditionally denoted \Kl) and \Ks)- 
Similarly, one can define the eigenbras of the effective 
Kaon Hamiltonian {K'^\ and {K'g\. The particular fea- 
tures of non hermitian Hamiltonians are controlled by the 
CP violation parameter e ~ 10^"^. The non orthogonality 
of the eigenkets is {Ks\Kl) — 0{e) and the non equality 
of the right and left eigenstates is {K'j^\Kl) = 1 — O(e^). 
In view of the smallness of e the adiabatic measurements 
which we propose below may be difficult to implement 
in the Kaon system. However, other metastable sys- 
tems may display much stronger non orthogonality and 
be more amenable to experiment. 

In the spin example, the effective Hamiltonian cq. (|^) 
has two eigenvalues -|-AA^ and — AA^ with eigenkets (bras) 
I U) ((Tal) and | ly) {{i^l) respectively. Thus, Hefj can 
be rewritten as 
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In this example the eigenkets and eigenbras associated 
with the same eigenvalue are very different. Thus, weak 
values associated with these two states can have surpris- 
ing values. For example, (ixlfzl ly)/(lx\ly) = ~i, which 
is pure imaginary and {U K^x +ay)/V2\ ly)/{lx\iy) = 
— V^, which lies outside the range of eigenvalues of ct • n. 

We are now ready to discuss adiabatic measurements 
performed on a system evolving according to H^f / . The 
Hamiltonian describing such a measurement is given by 
eq. (|l]) with Hq replaced by Hef / . The coupling param- 
eter g{t) equals 1/T for most of the interaction time T 
and goes to zero gradually before and after the period T. 
In order that the measurement be as clean as possible we 
also impose that: Heff has non degenerate eigenvalues; 
that the initial state of the measuring device is such that 
the momentum P is bounded; and that the momentum 
P is a constant of motion of the whole Hamiltonian eq. 
(|l|). For g{t) smooth enough, and in the limit T — > oo, 
we obtain once more an adiabatic process such that if 
the system is initially in an eigenket j^^), it will still be 
in the same eigenket after the measurement. Further- 
more, in this limit, the interaction Hamiltonian changes 
the eigenket during the interaction by an infinitesimal 
amount. 

If we take the initial state of the system to be an eigen- 
ket \(f>i), then for any given value of P, the eigenvalue of 
the eigenstate shifts by an infinitesimal amount which 
can be obtained using first order perturbation theory as 
follows. The perturbed eigenstates are solutions of 

{u^ + Sio,) + c„ l0,)) . (12) 

Taking the scalar product with (-0^1, to first order in P/T 
one obtains 



_ p {^.\m) _p 



(13) 



Thus the state of the measuring device after the mea- 
surement is shifted, '^md{Q) ^ "^MoiQ — ^tu), and if 
the initial wave function of md is sufficiently peaked in 
Q, the reading of the measuring device yields the weak 
value of A. 

It is instructive to consider the case when the initial 
state is not an eigenket of H^f f . The initial state should 
then be decomposed into a superposition of eigenkets 
1$) = SiQfil^i) and its time evolution, up to normal- 
ization, will be given by 

mi^MDiQ) ^ ^^a,e-'^^^\^,)^MDiQ - Al,). (14) 

The state of the measuring device is amplified to a 
macroscopically distinguishable situation. Then, effec- 
tively, a collapse takes place to the reading of one of 
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the weak values Al^ with the relative probabilities given 
by jaipe^^™'^'^*^^. We call the collapse effective because 
it only occurs under the condition that a partial post- 
selection is realized. A subsequent adiabatic measure- 
ment of another observable B will yield the weak value 
corresponding to the same two-state {ipi\\(j)i). Alterna- 
tively, one can carry out the measurements of A and B 
simultaneously. This can always be done by increasing 
the duration T of the measurement so that the interac- 
tion {PiA + P2B) /T remains a small perturbation. Thus, 
given a sufficiently long time T, one can obtain reliable 
measurements of any set of observables by making mea- 
suring devices interact adiabatically with a single quan- 
tum system. However it should be noted that in any 
realistic implementation we will need ensembles of sys- 
tems and measuring devices since both in the case of 
metastable states and in the spin example the proba- 
bility of a successful partial post-selection (which gives 
rise to the effective non hermitian Hamiltonian) is very 
small. Indeed, the adiabatic measurement will only be 
successful if the metastable states do not decay during 
the measurement, or if the spin S is found in the state 
\Sy = N). Nevertheless, there is a non-zero probability 
that the first run with a single system and a single set of 
measuring devices will yield the desired outcomes. 

Our general discussion was carried out for a system 
evolving according to an arbitrary effective non hermi- 
tian Hamiltonian. The spin example presented above is 
amenable to exact treatment and one can investigate in 
this case in what limit the effective non hermitian Hamil- 
tonian describes adequately the evolution of the spin 1/2 
particle. We recall that the effective Hamiltonian eq(||) 
has two eigenkets |tx) and \iy). That should be an 
eigenket is easily be seen by noting that the initial state 
\Sx = is an eigenstate of the free Hamiltonian 

Hq ~ AS • a. That is an eigenket is a nontrivial 
prediction which can be checked by calculating the prob- 
ability for the small spin, initially in the state to be 
in the state |tj,) at an intermediate time. One finds that 
this probability is proportional to l/N"^ , thereby confirm- 
ing that it is indeed an eigenket in the limit of large N . 

If the initial state of the small spin is |J,j,), and an 
adiabatic measurement of cr^ = ct • ^ is carried out the 
eigenket |J,j,) should be unaffected by the measurement, 
and the pointer of the measuring device should be shifted 
by {(^{)w — y ■ order to verify this we con- 

sidered the particular case when — x whereupon the 
analysis simplifies considerably since only the states with 
Jx ^ Sx + (Tx = N + \/2, iV - 1/2, N - 3/2 come up 
in the calculation. Thus, we took the Hamiltonian to be 
H = AS • a+^dx during the interval < t <t2 = ti+T, 
with the initial state \Sx — N)\ly) and the final state 
of the large spin post-selected to be {Sy = N\. Taking 
the measuring device to be in the momentum eigenstate 



P, one finds that after the post-selection, at t = t2, 
the state of the small spin plus measuring device is 
\ly)e.^^^'^ + error terms. The error terms are either of the 
form \iy)e~^^/'^ corresponding to a pointer shifted in the 
wrong direction, or of the form f{P)\'\y) corresponding to 
the spin not having remained in the state \iy)- The norm 
of the error terms is proportional to 1 /N and in the limit 
of large N they can be neglected. One then finds that 
after and during the measurement the spin is still in the 
eigenket \ly) and that the pointer of the measuring de- 
vice is shifted by the weak value {ax)w = = 
Thus we confirm that in the limit of large N , the evolu- 
tion is given by the effective non hermitian Hamiltonian. 

In this letter we have analyzed adiabatic measurements 
on systems which evolve according to an effective non 
hermitian Hamiltonian. The effective Hamiltonian only 
arises when a partial post-selection is realized. For an 
adiabatic measurement to yield a significantly unusual 
result, the non hermiticity of the Hamiltonian must be 
large, and in such cases the probability of a successful 
partial post-selection is very small. There is however a 
reasonable hope of performing such a measurement in a 
real laboratory. It is conceivable to build an experiment 
in which the measuring device is a particular degree of 
freedom of the measured particle itself, and in this case 
the post-selection process is particularly simple [|l^ . 
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